In this paper some new characterizations of ratio asymptotics for orthogonal polynomials are given.
Let a be a nondecreasing function on [− 1, 1] with infinitely many points of increase such that all moments of da are finite and {P n }, P n (x) :=P n (da, x)=c n x n + · · · (1) (c n :=c n (da) > 0), the orthonormal polynomials with respect to da. We call da a measure.
Denote by x kn =x kn (da) the zeros of P n (da) and by L n (f, x) := C n k=1 f(x kn ) a kn (da, x),
the Lagrange interpolating polynomial of f ¥ C[ −1, 1] , where the fundamental polynomials a kn (da, x)= P n (da, x) P − n (da, x kn )(x − x kn ) , k=1, 2, ..., n.
As we know, are called the Christoffel functions, where l kn :=l kn (da)=l n (da, x kn ), k=1, 2, ..., n.
The orthogonal polynomials {P n (da)} satisfy the three-term recurrence relation
where P −1 =0, c −1 =0, and a n (da)=F
In his memoir [2] , Nevai introduced the class of measures M :=M(0, 1),
and lim n Q . a n (da)=0.
Nevai proved the following characterizations of orthogonal polynomials with respect to measures in M. The main aim of this paper is to give new characterizations of orthogonal polynomials with respect to measures in M, which are stated as follows.
Theorem 1. Let da be a measure supported in [−1, 1] . If da ¥ M, then the relation (6) holds for every z ¥ C 0 (−1, 1) and
In particular, we have 1] . Then the following statements are equivalent:
holds for every bounded and Riemann integrable function f on [−1, 1];
(c) the relation
(d) the relation 
and
The relations (10) (−1, 1) .
Before proving the theorems we establish an auxiliary result which will play a crucial role in this paper. a n − 1 +a n+1 a n =2,
then lim n Q . a n − 1 a n =1.
Proof. First we observe that
for otherwise it would contradict (16). Next it suffices to show A=B=1.
To prove A=1 assume that for some subsequence of positive integers {n k } we have lim k Q . a n k − 1 a n k =A.
Since by (16) lim k Q . a n k − 2 +a n k a n k − 1 = lim k Q . a n k − 1 +a n k +1 a n k =2,
according to (20) we obtain
Hence 1+A a n k − 1 a n k =B, then by the same argument as above we obtain B=1. This proves (19) and (17). L Proof of Theorem 1. To prove that the relation (6) holds for every z ¥ C 0 (−1, 1) by Theorem A it is enough to show the relation (9). Now let us do it. The relation (2) with x=1 gives
By (22) we obtain P n − 1 (1)+P n+1 (1) P n (1) = 5 P n − 1 (1)
(1 − a n )+ 5 1 − c 2 n c n − 1 c n+1 6 P n+1 (1) P n (1) .
RATIO ASYMPTOTICS FOR POLYNOMIALS
By (3) we see |a n | [ 1 and hence 0 [ 1 − a n [ 2. By means of (22) we get
Hence by (4) and (5) lim n Q .
Applying Lemma 1 we get lim n Q .
Similarly, the second relation of (9) follows from the relation (2) with x=−1:
To prove (8) we need to use some known formulas [1] :
and 
Using an obvious formula
it follows from (8) and (28) that
We have
1 − x 2 dx :
Then by virtue of (27) and (29) lim sup n Q .
Hence as e Q 0 we get (10). 
